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Abstract— Image computation is the core operation for opti-
mization and formal verification of sequential systems like con-
trollers or protocols. State exploration techniques based on OB-
DDs use a partitioned representation of the transition relation to
keep the OBDD-sizes manageable. This paper presents a new ap-
proach that significantly increases the quality of the partitioning
of the transition relation of finite state machines. The heuristic
has been successfully applied to reachability analysis and sym-
bolic model checking of real life designs, resulting in a significant
reduction in CPU time as well as in memory consumption.

I. I NTRODUCTION

The computation of the reachable states (RS) of a finite state
machine (FSM) is an important task for synthesis, logic opti-
mization and formal verification. The increasing complexity
of sequential systems like controllers or protocols requires ef-
ficient RS computation methods. If the RS are computed by
using Ordered Binary Decision Diagrams (OBDDs) [2], the
system under consideration is represented in terms of a transi-
tion relation (TR). Since the monolithic representation of the
circuit’s TR usually leads to unmanageable large OBDD-sizes,
the TR has to be partitioned [3, 6]. The quality of the parti-
tioning is crucial for the efficiency of the RS computation. The
computation of transitions will be unnecessarily time consum-
ing, if the TR is divided into too many parts. On the other hand
a number of partitions that is too small will lead to a blow-up
of OBDD-size and hence, memory consumption. Partitioning
the TR is usually done without utilizing any external informa-
tion. The standard method is to to sort the latches according
to a benefit heuristic [7, 10] and then, apply a clustering algo-
rithm. This clustering algorithm follows a greedy scheme [5]
that is guided only by OBDD-size, i.e if the OBDD-size of a
partition is exceeding a certain threshold a new partition has to
be created.

Recently a new approach [9] has been proposed to improve
partitioning of the transition relation. This approach utilizes
RTL (register transfer level) information provided by the hard-
ware description of the design. The RTL information is used to
find a grouping of the transition functions. Experiments have
shown that this approach performs significantly better for mod-
ularized designs than the standard method.

In this paper we propose a heuristic for partitioning of TRs
that adopts the grouping paradigm of the RTL heuristic with-

out actually using RTL information. The result is a broader
applicability.

Our heuristic has been successfully applied to real life
benchmark examples given in Verilog. The application of our
heuristic to model checking [4] reduced the computation time
by 72% and memory consumption by 70% (overall) compared
to the standard method.

II. PRELIMINARIES

A. Hardware description languages

Since modern complex designs require a structured hierar-
chical description to be feasible they are currently written in a
hardware description language (HDL) at register transfer level
(RTL). The term RTL is used for an HDL description style
that utilizes a combination ofdata flowandbehavioral con-
structs. Logic synthesis tools take the RTL HDL description to
produce an optimized gate level netlist and high level synthe-
sis tools at the behavioral level output RTL HDL descriptions.
Verilog [12] and VHDL [8] are the most popular HDLs used
for describing the functionality at RTL. Within the design cycle
of optimization and verification the RTL level is an important
and frequently used part.

The design methodology in Verilog is a top down hierarchi-
cal modeling concept based on modules, which are the basic
building block. Our experimental work is based on designs
written in this language.

B. Partitioned Transition Relations

The computation of the RS is a core task for optimization
and verification of sequential systems. The essential part of
OBDD-based traversal techniques is the transition relation TR:

TR
�����������
	���
������ � ��� � ����	���� � 	��

which is the conjunction of the transition relations of all latches
(
� �

denotes the transition function of the� th latch). Thismono-
lithic TR is represented as a single OBDD and usually is much
too large to allow an efficient computation of the RS. Some-
times a monolithic TR is too large to be represented with OB-
DDs. Therefore, more sophisticated RS computation methods
make use of apartitionedTR [3], i.e. a cluster of OBDDs each
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a) Standard Method b) RTL Method resp. Group Method

1. Group latches

Latches

1.Order latches

3. Order clusters

2. Cluster Latches
2. Cluster latches

3. Order cluster

  within groups

  acc. to RTL modules

Relations (BDDs)

Fig. 1. Schematicof PartitioningStrategies.

of themrepresentingthe TR of a groupof latches. A transi-
tion relationpartitionedover setsof latches"�# �
$�$
$�� "&% canbe
describedasfollows:
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TheRScomputationconsistsof repeatedimagecomputations2.354 �
TR

��67	
of a setof alreadyreachedstatesR:

28394 �
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With the useof a partitionedTR the imagecomputationcan
be iteratedover " % andthe

:
operationcanbe appliedduring

theproductcomputation(early quantification). Theso called
AndExist[3] or AndAbstract operationperformstheAND op-
erationontwo functions(herepartitions)while simultaneously
applyingexistentialquantification(

: ;A@ � @
;CB #ED @
;,BGF 	 on a
givensetof variables,i.e thevariablesthatarenot in thesup-
portof theremainingpartitions.Unlike theconventionalAND
operationtheAndExist operationdoesnot have a polynomial
upperboundfor thesizeof theresultingOBDD, but for many
practicalapplicationsit preventsablow-upof OBDD-sizedur-
ing theimagecomputation.

Sincethenumberof quantifiedvariablesdependson theor-
der in which the partitionsareprocessed,finding an optimal
orderof thepartitionsfor theAndExistoperationis animpor-
tantproblem.GeistandBeer[7] presenteda heuristicfor the
orderingof partitionseachrepresentingasinglestatevariable.
A moresophisticatedheuristicfor partitionswith severalvari-
ablesis givenby [10].

I I I . PARTITIONING OF TRANSITION RELATIONS

Thequalityof thepartitioningis crucialfor theefficiency of
the RS computation.The imagecomputationis iteratedover

thepartitionsandincludescostly product(i.e. AND) compu-
tations. Therefore,maintaininga large numberof partitions
is time consuming.A smallnumberof partitionsmayleadto
unmanageablelargeOBDDs. Oneextremumof this trade-off
is the partitioning whereeachlatch forms a partition, which
is usually small but requiresmany iterations. The other ex-
tremumis a monolithicTR, thatcanbecomputedin oneiter-
ation but haslarge OBDD-size. Furthermore,theorderingof
latchesandclustersis crucial for anefficient AndExistopera-
tion.

In the following we will describethe standardpartitioning
strategy, the RTL partitioning heuristic, which is the basisof
ourwork andour new approach.

A. Commonpartitioningstrategy

A commonstrategy for partitioningof the TR asit is used
e.g.by VIS [5, 10] proceedsin threesteps:

1. Order latches. First, the latchesare orderedby using
a benefitheuristic[7] thatperformsa structuralanalysis
of the latches’transitionfunction to addressan effective
AndExistoperation.Themaintargetof theheuristicis to
keepthenumberof variablesduringtheAndExistsmall,
thereforeit usesagreedyschemeto minimizethebalance
of introducednext-statevariablesandquantifiedpresent-
statevariables.Additionally, influenceslike highestindex
of avariableto bequantifiedout areconsidered.

2. Cluster latches. The singlelatch relationsareclustered
by againfollowing a greedystrategy. Latchesareadded
to aOBDD (i.e. by performingAND) until thesizeof the
OBDD exceedsa giventhreshold.

3. Order clusters. In the last stepthe clustersareordered
similarly to the latchesby usinga benefitheuristic(VIS
usesthesameheuristicasin Step1).

Figure1 a)givesaschematicoverview of this process.



o 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
0 53 50 21 45 12 12 38 31 41 17 13 10 27 34 16 26 20 17 17 17 13 3 16
1 62 21 47 14 20 34 35 48 18 7 4 23 27 12 21 18 15 21 19 12 7 21
2 21 47 14 14 34 35 48 13 7 4 23 27 12 21 18 15 20 17 12 7 21
3 16 14 14 20 22 21 18 20 12 13 9 11 9 19 19 19 22 13 12 15
4 6 6 25 26 38 19 12 4 33 23 6 16 18 15 17 19 8 3 11
5 57 55 38 7 13 34 45 24 19 25 21 18 15 13 17 22 27 45
6 52 32 7 18 29 40 24 19 25 21 18 15 14 19 22 22 40
7 57 28 11 32 45 22 20 21 22 14 11 10 11 18 21 40
8 36 5 30 26 5 4 7 4 7 7 8 9 11 27 31
9 9 7 1 15 17 5 17 11 11 21 15 8 7 17
10 23 12 29 21 15 17 27 27 22 28 14 6 15
11 34 18 11 9 11 19 19 20 20 17 20 33
12 22 14 16 16 11 8 8 12 10 16 33
13 41 21 31 23 21 23 29 15 8 27
14 36 46 32 24 25 21 15 6 28
15 34 29 22 13 17 14 10 25
16 29 22 25 20 15 6 30
17 39 25 29 17 7 21
18 25 29 17 7 21
19 5 14 7 22
20 18 10 21
21 12 22
22 25
23

a)StandardMethod

r 0 1 2 3 4 5 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
0 6 6 17 11 8 6 6 17 9 8 3
1 26 26 31 37 3 2 10 7 8 6 8 7 1 1
2 22 26 25 7 9 10 6 9 7 1 1
3 37 37 5 3 4 8 10 21 9 12 7 1 1
4 35 1 2 6 7 11 8 8 3 1 1
5 1 1 1 8 9 12 8 14 9 1 1
6 27 27 27 7 7 7 3 9 11 1 1
7 28 28
8 28
9
10 26 26 31 37 12 3 2 1 1
11 22 25 25 11 1 1
12 35 37 12 5 5 1 1
13 35 7 3 1 1
14 13 1 1 1 1
15 27 27 1 1
16 28
17
18
19
20
21

b) RTL Method

g 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
0 2 1 4 3
1 2 4 3 3
2 11 5 11 10 5 7 11 7 10 7 7 3 5
3 3 13 5 7 8 14 10 5 9 13 7 11
4 15 14 7 9 3 9 14 7 3 5 1
5 19 14 20 16 20 2 2 20 13 17 15 2 5 5 5 11
6 16 28 11 27 1 32 21 16 15 1 1 9
7 17 17 21 1 13 13 17 14 2 2 1 1 9
8 25 40 25 16 22 16 16
9 25 9 9 15 13 13
10 21 12 18 16 15
11 4 3 3 13 18 18
12 4 3 15 18 18
13 30 22 24 1 1 15
14 30 24 1 1 3 24
15 38 1 1 2 2 42
16 3 3 33
17 23 23
18 28
19
20 25 25
21 34
22
23

c) GroupMethod

Fig. 2. Clusterdependenciesfor differentpartitioningschemes.

B. RTL basedPartitioningHeuristic

Recentlyadifferentpartitioningstrategy hasbeenproposed.
Themainideaof theRTL partitioningheuristic[9] is to utilize
thehierarchicalRTL informationof thegivencircuit to obtain
a goodpartitioning.

Although the standardmethodoptimizesthe partitioning
twice, its main disadvantageis that it only usesstructuralin-
formationto optimizethepartitioningfor anefficient schedule
for theAndExistoperationduringtheimagecomputation.

TheRTL heuristicimprovesthis optimizationby including
additionalsemanticalinformationaboutthe representedfunc-
tions. Theheuristicthat is basedon Verilog-RTL proceedsin
threesteps:

1. Group latches. Thelatchesaregroupedaccordingto the
modulesgiven in the top moduleof the RTL description
in Verilog. Within thegroupsthe latchesareorderedby
bit numbers.

2. Cluster groups. The groupsrepresentbordersfor the
clusters.Thereis no clustercontaininglatchesfrom dif-
ferent groups. To control the OBDD size of the clus-
ters, the greedypartitioning strategy is applied within
the groups. The clusteringgiven by the groupslowers
the influenceof the arbitraryclusteringproducedby the
OBDD-sizethreshold.Thus,resultingin a morenatural
partitioning.

3. Order clusters. As a possiblelaststeptheclustersmay
beorderedbyusingthebenefitheuristicfrom thestandard
method.

Figure1 b) givesanoverview of this strategy.

C. GroupbasedPartitioningHeuristic

The RTL heuristicperformssignificantlybetterfor modu-
larizedcircuitsthanthestandardmethod.But what,if theRTL
informationis notaccessibleduringRScomputationor thein-
formationis lost dueto e.g.optimization?

In thefollowing we developa heuristicthatadoptstheben-
efitsof theRTL heuristicwithoutusingRTL information.

Clusterdependencies

Thequalityof thepartitioningmaybedescribedby acluster
dependency matrix HJILK . Entry

� � �NM�	 of HJILK containsthe
numberof supportvariablesthatcluster � andcluster

M
have in

common.As thenumberof commonvariablesgetshigherthe
dependency increases.

Figure2a givesthe CDM of a typical benchmarkexample
(p62 L L V02) whenthe standardmethodis used(the CDM
is symmetric,so the lower part hasbeenomitted). The TR
resultingfrom the standardmethodhas23 clusters.It canbe
seenthatdependenciesbetweenall clustersexist andmany of
themarequitehigh. Themaximumis 62 commonvariables.

Figure2b shows theresultingCDM for theRTL method.It
is easyto seethat:O someclustersarenotconnected(shown by emptyfields),O thedependency is small on moduleborders(cluster0-1,

9-10,17-18)andO theoverall dependency is smaller(maximumat 37 com-
monvariables).

All thepointsmentionedabove indicateabetterearlyquantifi-
cation, andthusa moreefficientAndExistoperation.

Basedon theseobservationswedevelopourheuristic.

GroupHeuristicAlgorithm

Thebasicideaof theheuristicis to find groupsof strongly
connectedlatchesandto mergethesegroupsuntil a reasonable
numberof mostlyindependentgroupsremains..

Therefore,theheuristicproceedsin two phases:During the
first phasea matrix P(ILK for latch dependenciesis created.
Entry

� � �QM.	 of thematrixLDM containsthenumberof OBDD
variablesthatbothlatch � andlatch

M
aredependingon. Please



mentionthatthematrix containsnumbersof variablesandnot
thevariablesitself. Computingthedependenciesbasedon the
variablesitself would be to hardto compute.The runtimeof
this phaseof theheuristicis R �*S9T�U�V�W�XY�
Z
[\?�SL]8UA^,Z
	 .

During the secondphasethe groupsof latchesare deter-
mined with the help of the latch dependenciesmatrix LDM.
The idea is to put latchesthat have a high numberof vari-
ablesin commoninto onegroup. By decreasingthe depen-
dency thresholdlatchesareaddedto existing groupsor form
new groups.

The problem using this very basic approachis that there
alwaysexists a certaindependency betweenall latches(e.g.
clocksignals).Therearealsolatchesthatareonly very loosely
coupledto otherlatches.Thus,in this form theheuristicwould
result in a single large group before all latcheshave been
grouped.

To avoid thiseffectwe introducedanadditionalcriterionfor
theseparationof groups.Theseparationis realizedby avoid-
ing mergesof groups,whosedependenciesdiffer too much.
Groupsareindexedby theorderin which they have beencre-
ated.Thedifferenceof two groupindexesgivesa criterionfor
thedifferencein theamountof dependency. If the indexesof
the groupdiffer too much,a merge is forbidden. In our case
it turnedout the a differenceof 3 is a goodchoiceto obtain
a reasonablenumberof separatedgroups.Theruntimeof this
phaseof theheuristicis R �*S9T�U�V�W�XY�
Z1_`?�SL].U<^,Z
	 .

For a sketchof thegroupingheuristicseeFigure3.
After computingthe groupsof latchesthe partitioning is

computedby applying the clustering strategy of the RTL
heuristicoutlinedin Figure1b.

Figure2cshowstheapplicationof thegroupheuristicto our
benchmarkexample(for experimentalresultsseeTableI). The
following canbeseenfrom theCDM:O theoverall dependency comparedto thestandardmethod

is muchsmaller(maximum42),O many clustersarenot connected,O thegroupstructureis comparableto theRTL method.

The CDM of the groupmethodis not asstructuredas the
CDM of the RTL. But, this result is not not surprising: The
RTL methodis a high-level method,while the groupmethod
simulateshigh-level effectswith low-level information i.e. it
works much more heuristicallythan the RTL method. Nev-
ertheless,the CDM looks promisingand the groupinghasa
stronginfluenceon performanceof the imagecomputationas
experimentsshow.

IV. EXPERIMENTS

A. Implementation

We implementedour strategy in the VIS-package[5] (ver-
sion 1.3) using the underlyingCUDD-package[11] (version
2.3.0). VIS is a popularverificationandsynthesispackagein
academicresearch.It inheritsstateof the art techniquesfor

initialize group to 0;
for (dep = maxdep downto 1) a

for (i = 1 to #latches) a
for (j = 1 to #latches) a

if(depmatrix[i][j] == dep) a
igroup = group[i]; jgroup = group[j];
if(!igroup && jgroup) group[i] = jgroup;
if(igroup && !jgroup) group[j] = igroup;
if(!igroup && !jgroup) a

#groups++;
group[j] = group[i] = #groups;b

if(igroup && jgroup &&
abs(igroup-jgroup) c 3) a

rename groups to min(igroup,jgroup)bbbbb
Fig. 3. Algorithm in pseudocodefor groupheuristic.

OBDD manipulation,imageandreachablestatescomputation
as well as formal verification techniques.Togetherwith the
vl2mv translatorVIS providesa Verilog front-end.

B. Benchmarks

For our experimentswe used Verilog designsfrom the
Texas97benchmarksuite[1]. This publicly availablebench-
mark suite containsreal life designsfrom industry and aca-
demicsincluding:O MSI CacheCoherenceProtocolO PCI LocalBUSO PI BUSProtocolO MESI CacheCoherenceProtocolO MPEGSystemDecoderO DLXO PowerPC60x BusInterface

Thebenchmarksuitealsocontainspropertiesgivenin CTL for-
mulasfor verification.

We chosethosedesignsthat representRTL (i.e. includ-
ing morethanonemodule)ratherthangatelevel descriptions.
Consideredwerethosedesignsthatcouldbereadin andwhose
transitionrelationcouldbebuild respectingour systemlimita-
tions.Toosmallexamples(CPUtime d 20s)werenotconsid-
ered.

C. ExperimentalSetup

We left all parametersof VIS andCUDD unchanged.The
mostimportantdefaultvaluesare:O Partitionclustersize= 5000O Partitionmethodfor MDDs = inout



O OBDD variablereorderingmethod= siftingO First reorderingthreshold= 4004nodes

The model checkingwas preceededby a forced variablere-
ordering. The CPU time was limited to 2 CPU hours and
memoryusagewas limited to 200MB. All experimentswere
performedon Linux PentiumIII500Mhzworkstations.

D. Resultsof Model CheckingExperiments

In our experimentserieswe performedmodelcheckingon
thebasisof theTexas97benchmarks.

For resultsseeTableI. Img.comp. is the sumof forward
andbackwardimagecomputationperformedduring the anal-
ysis. Part givesthenumberof partitionsof the transitionre-
lation. The OBDD-sizeof the transitionrelationclusterand
thepeaknumberof live nodesis givenby TRn resp. Peakn.
The CPU time is measuredin secondsand given as Time.
The columnsdenotedwith % describethe improvementin
percent# .

At thebottomof TableI youcanfind thesumof all numbers
of partitions,BDD-sizesandCPU-times.Also, theaverageof
therelativeimprovementis givenaswell asthe total improve-
ment.

Theexperimentsshow significantimprovementsin timeand
space:The overall CPU time decreasedby 72% overall and
48%onaverage.Themethodoutperformsthestandardmethod
in 46 of the48 benchmarks.Thedecreasein computationtime
rangesup to 94%.TheOBDD peaksizescouldbeloweredby
70%overall and40%on average.

V. CONCLUSION

We presenteda heuristicfor optimizing the partitioningof
the transition relation for reachablestatescomputationand
model checkingof sequentialsystems.The heuristicadopts
theparadigmof a recentlyintroducedRTL-basedheuristicfor
partitioning,but without usingRTL information.Thus,result-
ing in a broaderapplicabilityof theheuristic.

Theheuristicsignificantlydecreasescomputationtime and
memoryconsumptionduringreachablestatescomputationand
modelcheckingandthus, allows moreefficient optimization
andverification.
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